Abstract. The weak and strong Lefschetz properties are two basic properties that Artinian algebras may have. Both Lefschetz properties may vary under small perturbations or changes of the characteristic. We study these subtleties by proposing a systematic way of deforming a monomial ideal failing the weak Lefschetz property to an ideal with the same Hilbert function and the weak Lefschetz property. In particular, we lift a family of Artinian monomial ideals to finite level sets of points in projective space with the property that a general hyperplane section has the weak Lefschetz property in almost all characteristics, whereas a special hyperplane section does not have this property in any characteristic.
Introduction
Let K be an infinite field and I be a homogeneous Artinian ideal in R = K[x 1 , . . . , x n ]. The ring A = R/I is level of type t if its socle has dimension t and is concentrated in one degree. The algebra A is said to have the weak Lefschetz Both Lefschetz properties have been studied extensively, especially for the constraints on the Hilbert function (see, e.g., [1] , [10] , [16] , and [19] ). For example, algebras with the weak Lefschetz property have strictly unimodal Hilbert functions [10, Remark 3.3(4) ]. Despite their utility- [17] is a well known example-much is still unknown about the presence of the Lefschetz properties, even in seemingly simple cases (see, e.g., [5] and [15] ).
The weak Lefschetz property may subtly vary under changes of the base field characteristic and under deformation (see, e.g., [15] ). Even in the case of a monomial complete intersection in three variables it is not completely known in which positive characteristics the weak Lefschetz property is present though very interesting partial results have been established in [12] and [5] . On the other hand, in [15, Section 5] it was shown by example that a small ad hoc perturbation-preserving the Hilbert function-of a monomial ideal without the weak Lefschetz property may result in an ideal having the weak Lefschetz property for almost every field characteristic.
Herein we propose a systematic way of deforming a monomial ideal without the weak Lefschetz property to an ideal with the weak Lefschetz property (in almost every characteristic) and the same Hilbert function as the original ideal. This could potentially be useful, for example, if one expects an ideal to have a unimodal Hilbert function. Indeed, showing that the deformed ideal has the weak Lefschetz property would then imply the desired unimodality.
The basic idea is to lift the monomial ideal to a finite set of points. We then expect the general hyperplane section of this set of points to have the Lefschetz properties. We test this idea in the case of level monomial ideals in three variables of low type that do not have the weak Lefschetz property. If the type is one, then such an ideal is a complete intersection, so it has the weak Lefschetz property in characteristic zero. The latter is also true if the type is two by [1, Theorem 7.17] . Thus, we focus on a family of almost complete intersections of type three that do not have the weak Lefschetz property. Lifting such an ideal to a finite set of points we get a level set of points in three-space of type three. We show that the general hyperplane section of this set has the weak Lefschetz property in almost every characteristic, whereas a special hyperplane section never has the weak Lefschetz property (see Corollary 3.8). Notice that examples of level sets of points in P 3 of type three such that every Artinian reduction fails the weak Lefschetz property have been constructed in [13, Section 3] .
This note is organised as follows. In Section 2 we recall the method of lifting an Artinian monomial ideal to a set of points and we introduce the family of Artinian monomial ideals that we focus on. In Section 3, we use this family to explore the subtlety of the weak Lefschetz property under various hyperplane sections and in arbitrary characteristic. Finally, in Section 4 we comment on the strong Lefschetz property in characteristic zero.
Liftings and hyperplanes sections
Let R = K[x 0 , . . . , x n ] and S = K[x 1 , . . . , x n ] be standard graded polynomial rings over an infinite field K. Let J ⊂ S be a homogeneous ideal and I ⊂ R be a homogeneous radical ideal. Then we say that J lifts to I if x 0 is a non-zero-divisor of R/I and (I, x 0 )/(x 0 ) ∼ = J. If such an I exists, then J is called a liftable ideal.
If α = (a 1 , . . . , a n ) ∈ N n 0 , then define
we associate the point α := [1 : t 1a 1 : · · · : t nan ] ∈ P n K and to x α we associate the homogeneous polynomial
Using this construction, it was shown in [11, Theorem 4.9] and [7, Theorem 2.2] that monomial ideals are liftable given that the field K is infinite. Thus, given an Artinian monomial ideal I ⊂ S, the lifted ideal I is a saturated ideal of a reduced set of points. Moreover, using [14, Proposition 2.6] we get that I is level if and only if I is level. Hence, starting with a level Artinian monomial ideal, the action of lifting yields a (Krull) dimension one saturated ideal of a reduced level set of points.
Let Z be a subscheme of P n K and let H be a hyperplane (i.e., codim H = 1) in P n K . Then Z ∩ H is a hyperplane section of Z. Given a linear form h ∈ R, we abuse notation and call (I, h) a hyperplane section of I. When I is Artinian, then (I, h) is an Artinian reduction of A family of almost complete intersections. Let S = K[x, y, z] be the standard graded polynomial ring in three variables over an infinite field K. Then for t ≥ 1, define I t to be the ideal
Proposition 2.2. For t ≥ 1, the ideal I t ⊂ S defined above has the following properties:
The minimal free resolution of S/I t has the form
in particular, S/I t has socle type 3, and (iii) The Hilbert function of S/I t is given by
Proof. The first two statements follow immediately from [15, Proposition 6.1] and the third statement follows from (ii).
A member of this family, I 2 , was discussed in [4, Example 3.1] where it was used to answer negatively the question of whether every almost complete intersection in S has the weak Lefschetz property. Motivated by this, a larger family containing the I t is discussed in [3, Corollary 7.3] , [15, Sections 6 and 7] , and [6] . We continue this exploration by considering hyperplane sections of a lift of I t .
We consider the particular lift of I t in R = K[w, x, y, z] given by t xi = t yi = t zi = i for 0 ≤ i ≤ t, that is, the homogeneous ideal
If 2 ≤ char K ≤ t, then I t is not a true lifting of I t , but we will consider it nonetheless. When I t is a true lifting, i.e., char K = 0 or char K > t, then I t is the ideal of the level set of points
, c ≤ t and at least one of a, b, c is zero} ⊂ P 3 K , which is in bijection with the standard monomials of S/I t .
Given the lift I t of I t , we consider the hyperplanes in R of the form w + ax for a ∈ K. If a ∈ N := {y | yi = −1 for some i ∈ {1, 2, . . . , t}}, then w + ax is a zero-divisor of R/I t and so (I t , w + ax) is non-Artinian. Suppose a ∈ N, then w + ax is a non-zero-divisor of R/I t and so the hyperplane section (I t , w + ax) is Artinian. Further still, R/(I t , w + ax) ∼ = S/J t,a where
Specifically, J t,0 = I t . We will next analyse the ideals J t,a for the presence of the Lefschetz properties.
The weak Lefschetz property
In [15, Proposition 2.2], it was shown that x + y + z (and through a similar argument, x + y − z) is a weak Lefschetz element of an Artinian monomial algebra if and only if the algebra has the weak Lefschetz property. However, S/J t,a is not a monomial algebra unless a = 0. We investigate whether the linear form ℓ := bx + cy − z is a weak Lefschetz element of S/J t,a .
Notice
The second and third generators of L t,a are products of linearly-consecutive binomial terms and can be described using the unsigned Stirling numbers of the first kind.
The unsigned Stirling numbers of the first kind, denoted s n,k , are defined recursively for 1 ≤ k ≤ n as s n+1,k = s n,k−1 + ns n,k with the initial conditions s 1,1 = 1 and s n,0 = 0 for n ≥ 1. In particular,
k (see, e.g., [18, Theorem 1.3.4] ). We take the convention that both the empty product and 0 0 are one.
Lemma 3.2. Let 0 = a, b be in K and let k, n be integers with 1 ≤ k ≤ n. Define V to be the set of n elements of K of the form ia + b for 0 ≤ i < n. Then the sum of all products of k subsets in V is
Proof. Clearly d 1,1 (a, b) = 1, as ∅ is the unique subset of size zero. Further, for all m ≥ 1,
Let U be the set of n elements of K of the form ia + b for 0 ≤ i < n and V = U ∪ {na + b}. Then the sum of all products of k subsets of V is the sum of all products of k subsets of U plus the sum of all products of k − 1 subsets of U scaled by na + b. That is,
To proceed by induction, assume the equation on d n,n−k (a, b) is true for all 1 ≤ k ≤ n. Consider then d n+1,(n+1)−k (a, b) with 1 ≤ k ≤ n. By Equation (3.3), we have
where we use the properties of binomial coefficients and the unsigned Stirling numbers of the first kind as needed.
It should be noted that d n,n−k (1, 0) = s n,n−k as the set V is then {0, 1, . . . , n − 1}. Using Lemma 3.2, the second generator of L t,a can be described using the unsigned Stirling numbers of the first kind as
and the third generator of L t,a can be described using Lemma 3.2 as
Now we return to studying the weak Lefschetz property. We have explicitly described the coefficients of the generators of L t,a , hence we can use linear algebra to determine whether S/J t,a has ℓ = bx+cy −z as a weak Lefschetz element. Define N = {y | yi = −1 for some i ∈ {1, 2, . . . , t}}, as above.
Proposition 3.4.
Consider the algebra A = S/J t,a as in Equation (2.3) and a ∈ N. Let M t,a,b,c be the (t + 1) × (t + 1) K-matrix given by
Then the algebra A = S/J t,a , from Equation ( Proof. Since J t,a is an Artinian reduction of the lift of I t , then their Hilbert functions are equal. Thus using Proposition 2.2(iii), we have then that the Hilbert function of S/J t,a is strictly unimodal from 0 to 2t and has a twin-peak at t and t + 1; that is, h S/Jt,a (t) = 3t = h S/Jt,a (t + 1). Hence by [15 
Proof. By straightforward Gaussian elimination, we get
Given the above determinant calculation, we make the following observations. Remark 3.6. If we specialise the parameters a, b, and c suitably, then we get three nice determinant evaluations.
. Hence S/J t,0 has the weak Lefschetz property if and only if t is odd and char K = 2, recovering [6,
Thus in characteristic zero, x + y − z is a weak Lefschetz element of S/J t,a if a = 0 and a ∈ N. (iii) When a = b = c = 1: Then det M t,1,1,1 = (−1) t (t + 1)!. Hence x + y − z is a weak Lefschetz element of S/J t,1 if and only if char K = 0 or char K > t, i.e., I t is a true lifting of I t . Theorem 3.7. Let K be any infinite field and S = K[x, y, z]. Then for all a in K such that a = 0 and a ∈ N and for all positive integers t, the algebra A = S/J t,a has the weak Lefschetz property.
Proof. Let a, c be nonzero elements of K. Then b = ac is nonzero and moreover
As K is infinite, there exists a nonzero c in K such that i + c = 0 for 1 ≤ i ≤ t. Hence, det M t,a,b,c is nonzero in K. Therefore, if a ∈ N, then A has the weak Lefschetz property.
We partially summarise our results as follows:
Corollary 3.8. Let t ≥ 1 be an integer and set A = R/I t , where
Then: In order to prove (ii), notice that Theorem 3.7 shows that A/ℓ ′ A has the weak Lefschetz property, where ℓ ′ = w + ax and a = 0 is any element in K \ N. Let L ∈ R be another general linear form. Then, for all j ∈ Z, one has
Since A/ℓ ′ A has the weak Lefschetz property, this must be an equality, hence A/ℓA also has the weak Lefschetz property.
Part (iii) has been shown in Remark 3.6(i).
Specialising to t = 2, we get an example reminiscent of [4, Example 3.1], which showed that, in characteristic zero, for any degree three form f , the ideal (x 3 , y 3 , z 3 , f ) has the weak Lefschetz property if and only if f = xyz modulo x 3 , y 3 , z 3 . 
Proof
Hence, ϕ is not injective and thus A fails to have the strong Lefschetz property. Now we consider the case when the Artinian algebra S/J t,a is not a monomial algebra. Thus, in order to show A has the strong Lefschetz property it is sufficient to show part (i) holds for 2 ≤ i ≤ t.
Using [9] , we have verified that in characteristic zero, if t ≤ 30, then there exists some a ∈ K such that ℓ is a strong Lefschetz element of S/J t,a . We suspect that this is always true. Thus, if the conjecture holds, then, at least in characteristic zero, there is only one "bad" choice for the strong Lefschetz property and it is, interesting in its own right, the only monomial case.
